It is shown that the influence of Kaluza scalar is to induce expansion in the Raychaudhuri equation for two representative solutions of the Kaluza theory.
The 4 -dimensional geodesic equation from the 5 -dimensional Kaluza theory, in the absence of electromagnetism, is [1] 
where a is a constant along the geodesic. The metric used is
where g µν is the metric in 4 -dimensional spacetime. We shall consider G 55 to be a function of r only. The right side of (1) shows that the particle is not free; it has an acceleration due to Kaluza scalar G 55 . This consequence of Kaluza scalar in the 4 -dimensional geodesic equation has been studied by the author in [1] to restore causality in the 'brane universe' scenario.
The Raychaudhuri equation [2, 3] describing the evolution of a collection of particles following their geodesics, iṡ
where
;µ characterizes the volume of the collection of particles having 4 -velocity u µ as they fall under their own gravity, 2σ 2 = σ µν σ µν with σ µν as the symmetric shear tensor (distortion without change in volume), 2ω 2 = ω µν ω µν with ω µν as antisymmetric vortex tensor (rotation without change in shape), ρ and p are the density and pressure in the collection of particles and the subscript ; stands for covariant derivative. For simplicity we have set the cosmological constant zero.
In (3),u µ = u µ ;ν u ν , possible acceleration (orthogonal to u µ ) of the collection of particles due to non -gravitational forces and the last term in (3) involvesu µ . Now we observe thaṫ
where (1) is used for
. In the usual 4 -dimensional geodesic equation, the right side of (1) is zero and henceu µ = 0, as these geodesics correspond to free particles under gravity. However, the 4 -dimensional geodesic equation emerging from Kaluza's 5 -dimensional theory, which is (1), allows the possibilityu µ = 0 as in (4); the geodesics now experience an acceleration due to Kaluza scalar G 55 . So, in a 5 -dimensional spacetime with G 55 = G 55 (x µ ), the Raychaudhuri equation (3) receives contribution from its last term. We write the last term in (3) as
The Raychaudhuri equation (3) has been derived [3] from 'general considerations' and no specific metric is used. It is known that the voticity ω induces expansion while the shear σ induces contraction. The acceleration term −
) turns out to be positive. We examine this for a static spherically symmetric ansatz for the 5 -dimensional metric (2) as
where µ, ν are functions of r only and G 55 = ψ(r). µ(r), ν(r), ψ(r) are unknown functions of r to be determined by the 5 -dimensional Einstein equations.
For the metric in (7), the non -vanishing five dimensional Christoffel connections are:
where the prime ′ stands for differentiation with respect to r. The Ricci tensorR
gives the components as
We consider the vacuum solutionR AB = 0 and this gives a set of four equationsR
Thus, we have four equations (11) with three unknown functions µ, ν, ψ. The system is over determined. We need to construct out of these four equations, a set of three equations. One way, which we find useful, is to introduce one more equationR = G ABR AB = 0 and use it for the reduction. Using (7) and (10), we findR = 0 gives
The left side of (12) is exactly the same as in the curly bracket of theR tt equation (10) and sõ
Now,R 55 = 0 equation in (11) gives ψ" as
and substituting this for ψ" in (13), we obtaiñ
Again, theR = 0 equation (12), gives (rearranging)
Substituting the left side of (16) inR rr equation in (10), we obtaiñ
Thus, the set of four equations in (10,11) reduce to a set of three equations
In obtaining the above 'reduced set' of three equations, we have incorporated theR 55 = 0 equation to eliminate ψ". This reduced set (18) is a set of three first order differential equations. This is one of the results of this paper. Further, in (18), if the 'mixing term'
is eliminated in the first two equations, then we obtain the third equation in (18).
If ψ were a constant, then (18) solves for ν and µ as
where A is an integration constant. These correspond to Schwarzschild solutions.
By adding the first two equations in (18), we obtain
and the third equation in (18) is rewritten as
The strategy we adopt is to take an ansatz for ψ and use (20) to express µ ′ in terms of ν ′ , which is used in (21) to determine ν. Then the relation between µ ′ and ν ′ is used to determine µ.
Solution.1:
We choose
where b is a real positive constant and α is a real constant. Then (20) gives
which is used in (21) to determine ν as
and using (23), we find
where C is a dimensionful (length) constant. For α = 0, ψ becomes a constant and e ν = (1 + 
For this solution, the last term in the Raychaudhuri equation (6), the influence of Kaluza scalar, becomes (
For C > 0, the right side is positive. For C < 0, we have from (26), e ν = ( with β > 1, the right side of (27) becomes
). Since β > 1, this is clearly positive. Thus, the influence of Kaluza scalar, for the solution (26), on the Raychaudhuri equation (6) is to induce expansion.
Solution.2:
We now choose for ψ(r) as
where b is a real constant. Then (20) gives
which when used in (21) solves for ν as
where C is integration constant. By choosing C = b 2
, we find
Using this in (29), we find µ ′ = 0 or µ = constant. Thus, the solution. 
